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Abstract. In the setting of operators on Hilbert spaces, we prove that
every quasinilpotent operator has a non-trivial closed invariant subspace
if and only if every pair of idempotents with a quasinilpotent commuta-
tor has a non-trivial common closed invariant subspace. We also present
a geometric characterization of invariant subspaces of idempotents and
classify operators that are essentially idempotent.
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1. Introduction

This note deals with idempotents, pairs of (not necessarily commuting) idem-
potents, essentially idempotent operators, and the issue of invariant subspaces
of bounded linear operators on Hilbert spaces. Recall that a bounded linear
operator T on a Hilbert space H (in short, T' € Z#(H)) is said to be idempotent
if

T =T.
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If, in addition, T* = T, then we say that T is an orthogonal projection.
Throughout this note, all Hilbert spaces are assumed to be complex and
separable.

There are many reasons to study idempotent operators. However, from
the present perspective, we remark that the invariant subspace problem has
an affirmative solution if and only if every pair of Hilbert space idempotents
has a common non-trivial closed invariant subspace (see Nordgren, Radjavi
and Rosenthal [11] and also see [12]). Recall that the celebrated invariant
subspace problem asks [14, 15]: Does every bounded operator on an infinite-
dimensional Hilbert space have a non-trivial closed invariant subspace?

From this point of view, it is also important to remark that there exist
triples of idempotents without a common non-trivial closed invariant sub-
space (see Davis [6]).

Not only the answer to the general invariant subspace (equivalently, the
reformulation of Nordgren, Radjavi and Rosenthal as stated above) problem is
unknown, but even for special classes of operators, like essentially self-adjoint
idempotents, finite-rank perturbations of normal operators, and quasinilpo-
tent operators, the problem is mysteriously unsettled. In fact, the study of
invariant subspaces of quasinilpotent operators is still indefinite (however,
see Apostol and Voiculescu [3], Foiag and Pearcy [7], Herrero [10], and the
monograph [14]).

Along the lines of [11], Bernik and Radjavi [5] proved that every es-
sentially self-adjoint operator has a non-trivial closed invariant subspace if
and only if every pair of essentially self-adjoint idempotents has a common
non-trivial closed invariant subspace. Recall that T € %(H) is essentially
self-adjoint if

T-T" € K(H),

where IC(H) denotes the closed ideal of compact operators on H. Recall also
that an operator T' € #(H) is quasinilpotent if

o(T) = {0},

where o(T) denotes the spectrum of T. The quasinilpotent counterpart of
Bernik and Radjavi theorem is one of our main results (see Theorem 3.2):

Theorem 1.1. The following properties of operators on Hilbert spaces are
equivalent:

1. Every quasinilpotent operator has a non-trivial closed invariant sub-
space.

2. Every pair of idempotents with a quasinilpotent commutator has a non-
trivial common closed invariant subspace.

In the proof of the above theorem and most of the other results of this
paper, we make use of geometric representations of idempotent operators [2,
Theorem 2.6]. To state the result, we first set up some notation. Throughout
the paper, for each T' € B(H), we denote by R(T') and N'(T') the range space
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and the null space of T, respectively. Also, we will use interchangeably the
identity

N(T*) =R(T)™,
and given a closed subspace S C H, we denote by Ps the orthogonal pro-
jection onto S. Now we are ready to state the geometric representation of
idempotents (see Theorem 2.1): Let T € Z(H) be an idempotent. Then
Pyrsyaery : N(T) = N(T*) is invertible, and

7 TRy —Preny ey (Paers)wver) ™
0

0
on H =R(T)®N(T*). The present version is somewhat more rigorous than
that of [2, Theorem 2.6].

It is worthwhile to pause for a moment and recall invariant subspaces of
idempotents on Banach spaces. Let X be a Banach space, and let T' € #(X)
be an idempotent. Then invariant subspaces of T' are all subspaces of X of
the form R + N, where R and N are closed subspaces of R(T) and N (T'),
respectively (cf. [1, Proposition 3]). Evidently, if X is a Hilbert space, then
this representation is not (explicitly) compatible with the geometry of Hilbert
spaces. From this point of view, and to some extent, Theorem 4.1 takes care
of the geometry of ambient spaces.

Theorem 1.2. Let T € B(H) be an idempotent, and let S be a closed sub-
space of H. Then S is invariant under T if and only if S is invariant under

(P |wvery) " Parer)-

Now we turn to essentially idempotent operators. An operator T €
PB(H) is essentially idempotent if T is idempotent modulo the compact op-
erators, that is

T? - T € K(H).
In Theorem 5.1, we present a complete classification of essentially idempotent
operators:

Theorem 1.3. Let T € B(H). Then T is essentially idempotent if and only
if one of the following holds:
1. T—-ITe€K(H).
2. T e K(H).
3. T—S € K(H) for some idempotent S € B(H) such that both R(S) and
N (S*) are infinite-dimensional.

We apply this to essentially commuting pairs of idempotents. A pair of
bounded linear operators (717,75) on H is called essentially commuting if

T Ty —T5T; € ’C(H)
We have the following (see Corollary 5.3): Let (T, T») be a pair of essentially
commuting idempotents on H. Then one of the following holds:

1. TV +Ty—1¢€ ’C(H)
2. 171 —Ts € ’C(H)
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3. There exists an idempotent S € HB(H) such that (T1 +T2—1)S € K(H).

For the reverse direction, (1) as well as (2) implies that (7,7T%) is es-
sentially commuting. However, condition (3) does not necessarily imply that
(Th,T3) is essentially commuting (see Example 5.4).

It is worthwhile to note that the commutator D = T17T> — T5T; plays
an important role in the problem of common invariant subspaces of a pair
of idempotents (77, T»). Indeed, since D? commutes with both Ty and Tb, it
follows that T; and T» have a common invariant subspace whenever D? has
a non-trivial hyperinvariant subspace.

The rest of this paper is divided into four sections. In Section 2, we
describe representations of idempotents. The main result here is due to Ando
[2], however, our presentation is different from the original one and in many
respects appropriately customized to our needs in the latter part of the paper.
Section 3 deals with invariant subspaces of quasinilpotent operators. Section
4 focuses on invariant subspaces of idempotents. Finally, Section 5 deals with
classifications and representations of essentially idempotent operators.

2. Representations of idempotents

In this section, we collect some of the results and tools which will be used in
later sections. The results are known, but our presentation is different, which
is also essential for the main contribution of this paper.

We begin with a result of Ando [2, Theorem 2.6] concerning represen-
tations of idempotents. Here we present a complete proof, which also takes
care of the alignment of subspaces and orthogonal projections (compare the
statement and the proof of [2, Theorem 2.6]). Recall that for T € B(H), we
have NV(T*) = R(T)*.

Theorem 2.1. Let T' € Z(H) be an idempotent. Then Pyr(r-)
N(T*) is invertible, and

N(T) : N(T) —

7= 'R “FraaEvalva) ™ oy — rery e )

Proof. First note that
R(Pn(r=)Prnery) = N(T7). (2.1)
One inclusion follows from R(Phr(r+)Pary) € R(Ppr¢r+)) = N(T*). For the
other inclusion, let x € N (T*) = R(I — Pr(r)), and write z = (I — Prr))y
for some y € H. Write y = y1 + y2, where y; € R(T) and y2 € N(T). Then
= (I — Pr(r))(y1 +y2) = (I — Pr(1))Y2 = Pn(r+)Y2 = Prn(r+) Pnv(1) Y2,

proves (2.1). Next we show that Py(p«)|x(ry : N(T) — N(T™*) is invertible.
In view of (2.1), it is enough to prove that Ppr(p+)|ar(r) is injective. Let

PN(T*)SE = 07
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for some # € N(T). Then x = Pg(ryz, that is, 2 € R(T'), and hence = €
N(T)NR(T). Then 2 = 0 and hence Ppr(p+)| () is invertible. Therefore

Ny) T N(TF) = N(T),

is well defined. Now we turn to the block operator matrix representation
of T with respect to H = R(T) & N(T*). Since T? = T, it follows that
TPr(ry = Pr(ry, which also implies that Pys(p+)T | (r+) = 0. In particular,
T|r(r)y = Ir(r) and hence

AT = (PN(T*)

T IRO(T) PR(T)T(;‘N(T*) € BR(T) & N (T)).

To complete the proof it suffices to prove that
PrryT|n (1) = —Pr(r)In(m) Ar-
We have
Prer)T(Pn(r+)Pnr)) = Prer)(T — T Pr(r)) Pn(T)
= —Pr)TPr(1)Pn(T)>
as TPy (ry = 0. Again, by TPr(r)y = Pr(r), we have
PrryT(Pnr+yPnery) = —Pr(r)Prnr)
= —Prn) v Ar(Pyn o=y |ver)) Paer)
= —Prer) vy Ar (P Pyr))-
Then (2.1) implies that Pr )T |ar(r+) = —Pr(r)ln(r)Ar and completes the
proof of the theorem. O

Particularly, we have the following similarity between an idempotent
and its corresponding projection.

Corollary 2.2. If T € B(H) is an idempotent, then T = VPR(T)Vfl, where

v — |[IrR@)  Preoylwv) (Pa)
B 0

Ny) ! "
Iver (T) ]e%’(R(T)@N(T ).

Proof. The proof follows at once from the representations of Pr(r) and vyt

on H=R(T)®N(T*) as
I 0

and

3

vl — {IR(T) —Pr(r)|n ) (Pare)
0 I
respectively. O

N(T))l]

In particular, we also have
LatT = {VS : S € LatPr(p)},

where LatT' denotes the lattice of invariant subspaces of T'. We will return to
this theme in Section 4 (more specifically, see (4.1)).
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3. Idempotents with quasinilpotent commutators

In this section, we connect the problem of invariant subspaces of quasinilpo-
tent operators with the invariant subspaces of pairs of idempotents admitting
quasinilpotent commutators. Again, recall that T € Z(H) is quasinilpotent
if o(T) ={0}.

We recall the following classical fact about Riesz projections [8, Theorem
2.2, Page 10]. Let T € Z(H) and let o C o(T) be an isolated part of o(T')
(that is, both o and o(T') \ o are closed subsets of o(T")). Then the Riesz
functional calculus )

P,=— [ (A=T)"'d),
2mi J,
is an idempotent, where v is a contour separating o and o(T") \ 0. Moreover,
R(P,) and N (P,) are invariant under 7', and
o(Tlr(p,) = o and o(Txp,) = o(T) \ o.
We also need the spectral behaviour of products of idempotents [4, Theorem
1].
Theorem 3.1. Let p and q be idempotents in a Banach algebra. Then
o) \{0,1} = {1 —p* s p€olp—q)\ {0, £1}}.

Now we are ready for our invariant subspace theorem for quasinilpotent
operators. Throughout the proof, we will always assume that subspaces under
consideration are closed.

Theorem 3.2. Fvery quasinilpotent operator has a non-trivial invariant sub-
space if and only if every pair of idempotents with a quasinilpotent commu-
tator has a mon-trivial common invariant subspace.

Proof. Suppose every quasinilpotent operator has a non-trivial invariant sub-
space. Fix a Hilbert space H and suppose T7 and T be two idempotents on
H. Set

D =TT, —ToTy,
and assume that o(D) = {0}. Since Ty and T, are idempotents, an easy
calculation shows that (cf. [1])

(T) — To)* — (T) — To)? = (T\ Ty — ToT1)?. (3.1)
By the spectral mapping theorem
(M =N Neo(Ty — T} = {0},

and hence, o(T7 — T2) € {0,£1}. Theorem 3.1 then implies that o(T17%) C
{0,1}. In view of Theorem 2.1, on H = R(T1) ® N (1), write

I X7
T] - |:O O :| )
N(Tl))_17 and set
A B
)

where X, = —PR(T1)|N(T1)(PN(T1*)
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Then
A+XpC B+ Xp D

0 0 ’
which implies (A4 X1, C) C o(T1T2) C {0,1}. We claim that A+ X, C has
a non-trivial invariant subspace. Indeed, if o(A + X1, C) = {0, 1}, then the
discussion preceding the statement of this theorem implies that A + X, C
has a non-trivial invariant subspace. Else, A + X1,C or A + X7, C — I is
quasinilpotent according to

o(A+ X7,C) = {0} or {1}.

Our assumption guarantees that A+ Xp, C or A+ Xy, C —I has a non-trivial
invariant subspace. For the latter case, if a closed subspace S is invariant
under A + Xp, C — I, then it is easy to see that S is also invariant under
A+ X, C. Consequently, A + X7, C has a non-trivial invariant subspace,
which we denote by S. Note that {0} & S & R(Th).

We now proceed to check that T7 and T have a common non-trivial invariant
subspace. By Corollary 2.2, we have that Pr () = VflTl Vi, where

T =

v = IRy =X gopiry @ ().
0 IR(Tl)L

Set
Q =V, 'V,
and consider the subspace

Since S & R(T1), it follows that M is a proper subspace of H. We claim
that M is invariant under Pg(7,) and Q. Observe that the above matrix
representation of 7775 implies

A+ X1,C = PriryTiTolr(ry)-
On the other hand, by using T} = VlPR(Tl)Vl_l and T = VlQVfl, we have
T'T» = ViPrirQVi ",
which along with V3 Pr(7,) = Pr(r,) implies that
PriryT1Ta|r (1) = Prir) (ViPrir) QY Dlr(m) = Prir)Qlr(z),

and hence
A+ X1,C = Pr(1,)Qlr(1y)-
Since S & R(T1), it follows that
PR(Tl)M = PR(Tl)S =S CM,
that is, M is invariant under Pr(r,). Next, we observe that
PR(T1)Q$ = PR(T1)Q|'R(T1)S = (A + XTlc)S c S.
Note that, by the definition of M, we have
(I = Pr(1))QS = Pn(17)QS € M,
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and hence the above inclusion implies that QS € M. This and the above
inclusion, again, imply that

QPN (1 QS = QI — Pr(1,))QS
C QS + QPr(1)QS
CRS+QS
C M.

Thus we have proved that QS C M and QPy(7;)QS € M, which clearly
implies that M is invariant under @. Therefore, M is a non-trivial common
invariant subspace for Pr(7,) and @), and consequently V3 M is a non-trivial
common invariant subspace for 77 and T5.

We now turn to the converse. Assume that every pair of idempotents
with a quasinilpotent commutator has a non-trivial common invariant sub-
space. Let A € Z(H) be a quasinilpotent operator. Our aim is to prove that
A has a non-trivial invariant subspace. Following [11], define

A A I 0
Tl:l:I—A I—A:| andng{O 0:|

Then
A 0

EB_L—AO]
Since o(ThT2) = o(A) U {0}, we have o(T1T3) = {0}. By Theorem 3.1, we
know that

0’(T1 — TQ) - {0, il}
We also know (see (3.1)) that

D? = (\Ty, — ToTy)? = (T1 — To)* — (11 — Tv)2.

By the spectral mapping theorem, we have o(D) = {0}. Therefore, by as-
sumption, 77 and T, have a common non-trivial invariant subspace, say
S S HOH. Then

S=T8+ (I —-1T)S.
The rest of the proof follows a similar line as in the proof of the theorem in
[11, page 66]. In the present case, also, the algebra generated by I, T}, and

Ty contains
0 A q 0 0
0 o ™ r—4 ol

Now, we claim that T5S and (I — T3)S are proper subspaces of H. Without
loss of generality, we assume 0 is in the continuous spectrum of A, that is A
and A* are injective but R(A) is not closed (indeed, in other cases, A will
have a non-trivial invariant subspace). If oS = H, then x @ (I — A)y € S
for all ,y € H. Since (I — A) is invertible, it follows that S = H @& H.
Similarly, if (I —T3)S = H, then Az @y € S for all z,y € H, would imply
that S = H®H, as R(A) = H. Since S is non-trivial, either T5S or (I —T5)S
is nonzero. Hence either TS or (I —T5)S is a non-trivial invariant subspace
for A. This completes the proof of the theorem. O
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In the above proof, the commutator 71T, — 15T} plays an important
role. As already pointed out in Section 1, commutators are in general useful
in the study of the joint invariant subspaces of pairs of idempotents [1]. In
Section 5, we also study representations of essentially commuting pairs of
idempotents.

4. Invariant subspaces of idempotents

As we have already pointed out in Section 1, the invariant subspaces of an
idempotent T' acting on some Banach space X are all closed subspaces of
X of the form R 4+ N, where R is a closed subspace of R(T) and N is
a closed subspace of A(T). However, in the setting of Hilbert spaces, this
representation does not in general carry all the geometry of the ambient
spaces. In the following, we examine how the geometry of the Hilbert space
method fits into the picture of invariant subspaces of idempotents.

Theorem 4.1. Let T € B(H) be an idempotent, and let S be a closed sub-
space of H. Then S is invariant under T if and only if S is invariant under
(Pn ) nvery)  Parrsy -

Proof. Let x € S and write x = 21 ® z2 € R(T) ® N(T*) = H. By Theorem
2.1, we have

T =x — PR(T) ‘N(T)ATxQ S T\’,(T),
Nery) "t N(T*) — N(T). We decompose xy further

where A = (Py(r+)
as
xo =uy +ug € R(T) + N(T).
Since
Pr(ryuz = Pr(r)(v2 — u1) = —Pr(ryu1 = —ux,
it follows that

Prnr(r+)|n(ryue = Prryruz = ug — Pr(ryuz = uz + u1 = o2,

and hence Apxy = (Py(r+)|n(r)) ' 22 = ug. Therefore
Prry|nveryArz2 = Priryus = Pr(ry(22 —u1) = —uy,
that is, Pr(r)|n(ryAr2z2 = —u1. Then
Ter=x1+u =21 +2x2 —us = — uog,
from which we deduce
(A7 Ppn(r+))z = ug = v — Tx.

Now, if we assume that S is invariant under 7', then us = x — Tz € § implies
that S is invariant under A7 Pr 7). . Conversely, suppose that (A7 Py (7+))S C
S, and suppose z € S. Then from the above equality, it follows that

Te=x— (ArPyx(r))r € S,

that is, S is invariant under 7', which completes the proof of the theorem. O
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In particular, if T' € Z(H) is an idempotent, then
LatT = Lat((PN(T*) /\/’(T))_lpj\/'(T*))~ (41)

The following simple example illustrates the basic idea of the above
theorem.

Example 4.2. Let ¢ : D — D be a holomorphic self-map of the unit disc
D = {z € C: |z]| < 1}. We consider the composition operator Cy, : H?(D) —
H?(D) defined by
Cof =fop  (feH D)),

where H?(D) denotes the Hardy space over D. It is easy to see that C,, is an
idempotent if and only if either ¢ is constant or ¢ is the identity map. If ¢ is
the identity map, then C, is also the identity map and in this case, any closed
subspace of H?(DD) is an invariant subspace for C,,. Next we consider the case
where ¢ is constant. Suppose ¢ = « for some o € D. Then, R(C,) = C the
one-dimensional space of all constant functions in H?(D), and

N(C,) = (2 — a)H?*(D).
In particular, N'(C}) = R(C,)* = zH?(D). For each f € H*(D), it follows
that
Py f = = Pre,y)f = f— f0),
and hence, for each g € H?(D) and a € C, we have
PyiczyPaicn) (2 = a)la+ 29)) = 2(a+ (= - a)g).

Therefore

(Pnoz)lnve,) ' Paesn f == fla)  (f € H*(D)),
from which it immediately follows that a closed subspace S C H?(D) is
invariant under Cy if and only if f — f(a) € S for all f € S. In particular,

span{l, z} is invariant under C,, but span{z} is not.

Let T € Z(H) be an idempotent, and let S C N(T*) be a closed
subspace. If § C N (T'), then TS = {0}, and hence § is invariant under 7.
The converse is also true:

Corollary 4.3. Let T € B(H) be an idempotent, and let S be a closed subspace
of N(T*). Then S is invariant under T if and only if S C N(T).

Proof. Suppose S is invariant under T'. Since S C N(T™*), by Theorem 4.1,
we have

(Pxn(ry ) 'S CS.
Moreover, since
R((PN(T*)
for each x € S, we have

./\/(T))il) :N(T)v

Y= (PN(T*) N(T))_ll‘ € N(T) NS C N(T) ﬂN(T*),

which implies
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Therefore z = y € N(T) NN (T*), which proves that S C N'(T) NN (T*) and
completes the proof of the corollary. O

In particular, if T € Z(H) is an idempotent, then a closed subspace
S C N(T*) is invariant under 7' if and only if T reduces S. Moreover, we
have the following:

Proposition 4.4. Let T € B(H) be an idempotent, and let S C R(T) be a
closed subspace. Then S reduces T if and only if S C R(T) NR(T™).

Proof. Suppose & C R(T') reduces T. By Theorem 2.1, on H = R(T) &
N(T*), we have
« _ |Ir() O
=% )

where X = _PR(T)‘N(T) (PN(T*)‘N(T))_1~ Fix x € S. Since § is invariant
under T, it follows that

Xtz = =((Pxviro)lv)*) ™ Priryz = 0.

Since S € R(T'), we have
(Prnerlnen)) ™ e =0,

and hence Py = 0. Therefore, § € N'(T)*, and hence S € R(T)NR(T™).
The converse can be seen easily by the fact that R(T) N R(T*) is invariant
under both 7" and T™. (|

5. Essentially idempotent operators

In this section, we classify essentially idempotent operators. Further, we pro-
vide some basic descriptions of essentially commuting pairs of idempotents.
Throughout, K(H) will denote the ideal of compact operators in Z(H). The
Calkin algebra is the quotient space ZB(H)/K(H), the algebra of bounded
linear operators modulo the compacts. Also, we denote by 7 : B(H) —
PB(H)/K(H) the canonical quotient map. The essential spectrum o.(T") of
T € B(H) is defined by 0.(T) = o(n(T)). It is well known that

0e(T) = {X € C: T — A\l not Fredholm}.

We begin with essentially idempotent operators. Recall that an operator
T € B(H) is polynomially compact if there exists a polynomial p € C[z] such
that p(T) € K(H). If p(T) € K(H) for p = z — 22, then we say that T is
essentially idempotent. Equivalently, an operator T € Z(H) is essentially
idempotent if

T-T%c K(H).

The following classification of polynomially compact operators is due to Olsen
[13, Theorem 2.4]: Let T € AB(H), and suppose p(T) € K(H) for some p €
C[z]. Then there exists a compact operator K € C(H) such that

p(T+ K)=0.

We are now ready for the classification of essentially idempotent operators.
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Theorem 5.1. Let T' € B(H). Then T is essentially idempotent if and only
if one of the following holds:
1. T-Te€K(H).
2. TeK(H).
3. T—SeK(H) for some idempotent S € B(H) such that both R(S) and
N (S*) are infinite-dimensional.

Proof. If T satisfies any of the conditions (1) through (3), then it is easy to
see that T is essentially idempotent. Thus we only need to prove the converse.
Let T? — T € K(H). By Olsen, as above, there exists K € K(H) such that

(T+K)?—(T+K)=0.
Let S := T + K, so that S? = S. Assume that S is a projection, that is,
S = S5*. Then
T*T —TT* = (S — K*)(S — K) — (S — K)(S — K*)
= 8% — 5% + compact, '

Therefore T*T — TT* € K(#), which implies that 7(T*T — TT*) = 0, that
is, 7(T') is normal. Also note that

0(T) = 0.(S) C o(S) C {0,1}.

We have three cases to consider: Suppose o.(T") = {0}. Then o(n(T)) = {0}.
Hence by the spectral radius formula for normal elements of C*-algebras, it
follows that m(T") = 0 and consequently T' € IC(H).

Assume now that o.(T") = {1}. Then o(n(T — I)) = {0}. Since (T — I) is
normal in B(H)/K(H), from the argument above we must have that =(T —
I) =0, and hence T — I € K(H).

Finally, assume that o.(T) = {0,1}. Then o.(S) = {0,1}. But S is a pro-
jection, and hence both A/(S*) and R(S) are infinite dimensional. Moreover,
S =T + K implies that T — S € K(H).

Now we consider the case where S is not necessarily self-adjoint. By Corollary
2.2, we have that S = VPR(S)V_l, where

v = [Irs) Pris)lnvs) (Ease
0 IN(S’*)

Since S = T + K, there exists K € K(H) such that
Prsy =V TV + K.

Ns) ™! € B(R(S) N (S57)).

Then, we know from the above argument that one of the following holds:

L V7TV — I € K(H),

2. V-ITV € K(H), or

3. V7TV —Pgr(s) € K(H) and both R(S) and N'(S*) are infinite-dimensional,
which is equivalent to saying that T—1I € IC(H), or T' € K(H), or there exists
an idempotent S; € #(H) such that T — S; € K(H) and both R(S1) and
N (S}) are infinite-dimensional. This completes the proof of the theorem. [
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We apply the above theorem to representations of essentially commuting
pairs of idempotents. Recall that a pair of bounded linear operators (T3, T3)
on H is called essentially commuting if T1 Ty — ToTy € K(H).

Corollary 5.2. Let (T1,T») be a pair of essentially commuting idempotents on
‘H. Then one of the following holds:

1. ThTs, ToTy € IC(H)
2. Tl(I — Tg) and TQ(I — Tl) are in ’C(H)
3. There exists an idempotent S € B(H) such that T1 TS, ToT1S € K(H).

Proof. Since Ty and Ty are idempotents, by (3.1), we know that
D? = (T - T)* — (T — T»)?,
where D = T\ Ty — TyT;. By assumption, D € K(H), and hence R?> — R €
K(#H), where
R:= (T, — T»)*.
We know by Theorem 5.1 that R — I or R or R — S belongs to K(#), where
S is an idempotent on H. Let us first assume that R — I € IC(H). Then

(I = To)* — I € K(H),
or, equivalently
W+ T —TTy, — Ty — I € K(H).
Since D € K(H), we have necessarily
T+ Ty — 20Ty — I € K(H).

Multiplying by Ti on the left, we deduce that 7172 € K(H). Next, assume
that R € K(H), that is

T+ T —TV1T5 — 15T € K(H)
By substituting the compact operator D in this expression, we get
T+ Ty — 20Ty € K(H).

Again, multiplying by T3 on the left, we conclude that T1(I — T3) € K(H).
Finally, if R — S € K(H) for some idempotent S € Z(H), then Ty + Tn —
2T Ty — S € K(H). Multiplying by T3 on the left, we get Ty — Th'To — 115 €
K(H). Using D € K(H), it follows that

Ty — ToTh — T1S € K(H).
Now multiplying by 7% from the left, we have ToT1 S € K(H). O

Evidently, the first conclusion is covered by the third. Moreover, a closer
look at the proof reveals the following: R — I € K(#) implies that

(Th — T)? — I, TyTy, ToTy € K(H),
and R € K(H) yields
(Ty — To)?, Ti(I = Ty), To(I — Ty) € K(H),
and finally, R — S € K(H) implies
(Ty — T2)? — S, i T»S, TuT1 S € K(H),
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for some idempotent S € Z(H). The above three conditions yield the follow-
ing corollary:

Corollary 5.3. Let (T1,T5) be a pair of essentially commuting idempotents on
H. Then one of the following holds:

1. T1+T2—I€’C(H),
2.1 —Ts € K:(H),
3. there exists an idempotent S € B(H) such that (Ty +To — I)S € K(H).

The reverse directions of Corollaries 5.2 and 5.3 are not true in general.
For instance:

Example 5.4. Consider two noncompact operators A; and Ay on H, and
define idempotents 17, T and S on H :=H & H & H by

I 0 A 0 0 O
T1: 0 I A2 andT2= 0 0 O7
0 0 O 0 0 I
and
I 0 0
S=10 0 0
0 0 O

By a simple computation, it follows that

TiToS = ToyTyS = (T1 + To — 1)S = 0 € K(H).

In particular, we have T1T»S = T2T1 S € K(H), whereas, on the other hand,
we have

00 A )
TV —ToTy = |0 0 Ayl ¢ K(H).
00 0

Therefore, condition (3) in Corollary 5.2, as well as in Corollary 5.3, does not
imply that T1T> — T3} is compact.

On the other extreme, condition (1) or (2) of Corollary 5.3 implies that
the commutator is essentially compact: Let (T7,7T%) be a pair of idempotents
on H. Suppose

T +1T5— 1€ ’C(H)
Then by multiplying T74+715—1 by T7 and T5 on the left, respectively, it follows
that 11Ty, ToTy € K(H), which immediately implies that T1Ty — ToT) €
K(#H). Next, we assume that
T — 15 € K:(H)
Multiplying this on the left with 77 and 75, respectively, we have
Ty — T\Ty, ToTy — Ty € K(H).
Then

W, —T5T, = —(Tl — TlTQ) — (T2T1 — TQ) + (T1 — Tz) S ’C(H),
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that is, TyTo — ToTy € K(H). Therefore, in either case, the pair (T, 7T%) is
essentially commuting.

Finally, in the context of difference of two idempotents and part (2) of
Corollary 5.3, we refer the reader to [9] and [16].
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